INTRODUCTION
To focus a wavefield at a point in a medium only requires surface reflection data and an estimate of the first-arriving wave at the surface from a point source at the focusing location Wapenaar et al., 2013a) . Unlike in seismic interferometry (Bakulin and Calvert, 2006; Wapenaar and Fokkema, 2006) , no receiver is required at the desired focusing location, i.e., the virtual source location and single-sided illumination suffices. Significantly, the detailed medium parameters need not be known to focus the wavefield as opposed to the time-reversal method, which requires the knowledge of detailed medium parameters and enclosing boundaries for correct focusing. However, the traveltime of the direct arrival of the virtual source to the surface is required for Green's function retrieval. To obtain an estimate of this traveltime, one only needs a macromodel of the velocity.
The focusing scheme of , , and Wapenaar et al. (2013a) is an extension of the algorithm of Rose (2002a Rose ( , 2002b , who shows an iterative scheme that solves the Marchenko equation for wavefield focusing in 1D. The focused events in the wavefield for the virtual source consist of primaries and internal multiples (Wapenaar et al., 2013a) but not free-surface multiples. Importantly, Rose (2002a Rose ( , 2002b derives the focusing method for single-sided illumination with sources and receivers on one side of the medium, similar to current geophysical acquisition methods. Wapenaar et al. (2011) illustrate imaging with the Green's function in 1D and also discuss how to image in multidimensions (2D and 3D). Similarly, Behura et al. (2012) introduce a correlation-imaging algorithm based on the Green's function retrieval scheme that images not only primaries but also internal multiples. Broggini et al. (2014) extend the work of Behura et al. (2012) by using multidimensional deconvolution (MDD) as the imaging condition in place of conventional crosscorrelation or deconvolution, which further reduces the artifacts. Central in these methods is the retrieval of the Green's function from the acquisition surface to any point in the medium. This Green's function is essentially a redatuming or downward continuation operator. Because this Green's function includes primaries and internal multiples, we expect improved subsurface images compared with using primaries alone.
We summarize our work in Figure 1 . In this paper, any variable with a subscript zero (e.g., R 0 ) indicates that no free surface is present. As shown in Figure 1 , prior to the algorithm of , one must remove the free-surface multiples from the reflection response of the medium (solid upgoing arrow) to retrieve the Green's function. The removal of the free-surface multiples can be achieved by surface-related multiple elimination (SRME) (Verschuur et al., 1992) . In our study, we modify the earlier focusing algorithms (Rose, 2002a; Wapenaar et al., 2013a) to focus not only primaries and internal multiples but also the free-surface multiples; this is labeled "Our work" in Figure 1 . We achieve such focusing using the reflection response R in the presence of a free surface and an estimate of the first arrival from the focus location to the surface. Notably, our proposed Green's function retrieval scheme obviates the need for SRME (see Figure 1 ) to construct the Green's function.
The free surface is the strongest reflector in the system; therefore, in general, the free-surface multiples are stronger than internal multiples. In addition, free-surface multiples can be used to provide better illumination, higher fold, and better vertical resolution of the subsurface (Schuster et al., 2003; Jiang et al., 2007; Muijs et al., 2007a Muijs et al., , 2007b . For these reasons, by retrieving the Green's function, which includes primaries and all multiples (including free-surface multiples), and using the imaging condition proposed by Behura et al. (2012) and by Broggini et al. (2014) , we expect better imaging of the subsurface.
THEORY
In this section, we derive the main equations for the retrieval of the Green's function in the presence of a free surface, with the detailed derivations in Appendix A. We first summarize the existing theory that this paper is building on.
The theory of focusing the wavefield without a free surface, i.e., retrieving the Green's function G 0 from R 0 , is covered by Rose (2002a), Wapenaar et al. (2013a) . As summarized in Figure 1 , we have to remove the free-surface multiples from the reflection response R (for instance, by SRME) to get R 0 and then compute G 0 , the Green's function in the absence of the free surface. Wapenaar et al. (2004) show that we can relate the transmission operators for media with and without the free surface. Similarly, we can retrieve G (the Green's function in the presence of the free surface) from G 0 in the frequency domain with the expression
where ∂D 0 is the acquisition surface, x 0 and x 0 i are spatial positions along ∂D 0 and ∂D i (an arbitrary depth level, below ∂D 0 ), and R is the reflection response for a downgoing incident wavefield at ∂D 0 . The arbitrary depth levels are defined in the same way as in the work of Wapenaar et al. (2004) . In our case, we replace the transmission responses (in equation 22 of Wapenaar et al., 2004) with the corresponding Green's functions G or G 0 because the Green's function is the total transmitted wavefield from the focusing point to the surface. Note that this approach, R → R 0 → G 0 → G, follows the tortuous path shown in Figure 1 . We can, however, retrieve the Green's function in the presence of the free surface directly from the measured reflection data R → G (Figure 1 , black dashed arrow). Therefore, R → G avoids SRME and the retrieval of G 0 . We generalize the formulation of Wapenaar et al. (2013a) (R 0 → G 0 ) to include free-surface multiples (R → G); the detailed mathematics of this retrieval is documented in Appendix A. The reflections from the free surface are included in the focusing scheme, similar to the treatment by Wapenaar et al. (2004) of free-surface multiples.
We define our spatial coordinates by their horizontal and depth components, for instance, x 0 ¼ ðx H ; x 3;0 Þ, where x H denotes the horizontal coordinates (x 1 ; x 2 ) at a depth x 3;0 . We define solutions of the wave equation that focus at a point in a medium, and we refer to these as the focusing functions f 1 and f 2 . The f 1 function involves waves that focus at x 0 i at a defined depth level (∂D i ) for incoming and outgoing waves at the acquisition surface (∂D 0 ) at x 0 ( Figure 2a) . The function f 2 is a solution for waves that focus just above ∂D 0 at x 0 0 0 for incoming and outgoing waves at ∂D i (Figure 2b) .
The focusing functions are auxiliary wavefields, which exist in a reference medium that has the same material properties as the actual inhomogeneous medium between ∂D 0 and ∂D i and that is homogeneous above ∂D 0 and reflection-free below ∂D i . Therefore, the boundary conditions on ∂D 0 and ∂D i in the reference medium, where the focusing function exists, are reflection free.
Note that this boundary condition need not be the same as the actual medium. The focusing functions can be separated into upand downgoing waves; the first focusing function in the frequency domain reads
whereas the second focusing function reads Equation (1) Equation (6) Figure 1. Overview of the methods to focus the wavefield using an iterative approach. The R denotes reflected waves recorded at the surface in the presence of a free surface, and R 0 is the reflection response for a medium without a free surface. The G is the Green's function at the surface for a virtual source located at a point in the medium in the presence of a free surface, and G 0 is the Green's function in the absence of a free surface. The two dashed arrows indicate separate iterative schemes.
In this paper, the superscript þ refers to downgoing waves and − refers to upgoing waves at the observation point x. Table 1 and Figure 2a show the one-way wavefields for the f 1 function at the depth levels ∂D 0 and ∂D i , which we define in wave state A. We call these waves one way because locally these fields are strictly up-or downgoing at the observation point; however, their coda will include the up-and downgoing waves.
The focusing function f þ 1 ðx; x 0 i ; tÞ is shaped such that f 1 ðx; x 0 i ; tÞ focuses at x i 0 at t ¼ 0. At the focusing depth level ∂D i of f 1 , we define f 1 ðx; x 0 i ; tÞ as δðx H − x 0 H ÞδðtÞ, a 2D and 1D Dirac delta function in space and time, respectively (see Figure 2b and Table 1 ). Below the focusing depth level, f 1 ðx; x 0 i ; tÞ continues to diverge as a downgoing field f þ 1 ðx; x 0 i ; tÞ into the reflection-free reference half-space.
Similarly, Table 2 and Figure 2b show the one-way wavefields for the f 2 function at the depth levels ∂D 0 and ∂D i .
In this case, f − 2 ðx; x 0 0 0 ; tÞ is shaped such that the function f 2 ðx; x 0 0 0 ; tÞ focuses at x 0 0 0 at t ¼ 0. At the focusing depth level ∂D 0 of f 2 , we define f 2 ðx; x 0 0 0 ; tÞ as δðx H − x 0 0 H ÞδðtÞ (see Figure 2b and Table 2 ). After focusing, f 2 ðx; x 0 0 0 ; tÞ continues to diverge as an upgoing field f − 2 ðx; x 0 0 0 ; tÞ into the homogeneous upper half-space. The focusing functions are independent of the surface boundary condition of the actual medium because these functions reside only in the reference medium. If the media were homogeneous, the focusing function f 2 would consist of the time-reversed direct wave between the focal point and ∂D i . However, in an inhomogeneous medium, the focusing function f 2 consists of the time-reversed direct wave and the coda M following the time-reversed direct wave. The coda M consists of the scattered waves that result when the time-reversed direct wave transmits through the medium to the focus point.
In the frequency domain, the focusing function f 2 is related to the Green's function G 0 of the actual inhomogeneous medium without a free surface by (Wapenaar et al., 2013a) 
where * represents the complex conjugate. In a situation without the free surface, we ignore the downward-reflected waves at the acquisition level, i.e., the free surface multiples. In the actual inhomogeneous medium, in the presence of a free surface, we account for the waves reflecting from the free surface (details are given in Appendix A, as shown in equation A-5). For this situation, the one-way wavefields are shown in Table 3 and Figure 3 . We define wave state B as the acoustic state with the wavefields of the actual medium (Wapenaar et al., 2013a) . We can use the one-way reciprocity theorems of the convolution and correlation type for flux-normalized one-way wavefields (Wapenaar and Grimbergen, 1996) Figure 2a) . Table 2 . One-way wavefields of the focusing function f 2 at the depth level ∂D 0 and ∂D i . The symbol p A represents oneway wavefields in the frequency domain, at arbitrary depth levels in the reference medium (see Figure 2b) . Table 3 . One-way wavefields in the actual inhomogeneous medium in the presence of a free surface at the depth level ∂D 0 and ∂D i . The symbol p B represents one-way wavefields at arbitrary depth levels in the inhomogeneous medium, whereas r is the reflection coefficient of the free surface (see Figure 3) .
respectively, to relate the one-way wavefields between the two focusing functions (f 1 and f 2 ) and the one-way wavefields between the focusing functions and the actual medium. Here, p AE A and p AE B are the one-way wavefields of the focusing functions and the actual medium, respectively, in the frequency domain. As shown in Appendix A, the corresponding two-way Green's function in the presence of the free surface is related to the focusing function f 2 by
where, for simplicity, we assume that the reflection coefficient of the free surface satisfies r ¼ −1. The two-way Green's function is defined as the superposition of the down-and upgoing fields, according to
Using reciprocity, the Green's functions on the left side of equations 4 and 6 can be interpreted as the response to a virtual source at x 0 i for the situation without and with a free surface, respectively. To yield equations 4 and 6, we use the one-way reciprocity relations (details are given in Appendix A for the retrieval of G, equation A-5). Note that the upgoing Green's function G − in the actual inhomogeneous medium at ∂D 0 is the reflection response R for a downward-radiating source at ∂D 0 . Equation 6 differs from equation 4 in two ways: First, the last term on the right side of equation 6 accounts for the waves that are reflected off the free surface. Second, equation 6 contains the reflection response R for a medium with a free surface, whereas expression 4 contains the reflection response R 0 for a medium without a free surface.
Similar to our treatment of the focusing function f 2 , we can define another focusing function g 2 , such that 
We use g 2 to obtain a difference Green's functionG, which is similar to expression 6: 
and it is used to obtain the up-and downgoing Green's functions by combining it with G in equation 7.
To yield the upgoing Green's function, we subtract equations 7 and 10: These up-and downgoing (G − and G þ ) Green's functions at the focal point are used for imaging (Marchenko imaging) and include primaries and all multiples. Up-and downgoing Green's functions have been used for imaging the subsurface Behura et al., 2012; Broggini et al., , 2014 . However, their Green's functions contain only primaries and internal multiples. In this paper, the up-and downgoing Green's functions also include free-surface multiples. The use of up-and downgoing wavefields for imaging is not a new principle. Claerbout (1971) , Wapenaar et al. (2000) , and Amundsen (2001) show that one can get the reflection response below an arbitrary depth level once the up-and downgoing wavefields are available. The governing equation that relates the up-and downgoing Green's function is
where ∂D i is an arbitrary depth level and R 0 is the reflection response of the medium below ∂D i . In addition, R 0 at ∂D i contains no reflections from above this depth level. We can think of R 0 as the reflection response of a truncated medium, where the truncated Figure 3 . One-way Green's functions in the actual inhomogeneous medium in the presence of a free surface at the acquisition surface ∂D 0 and the arbitrary surface ∂D i . These are the quantities that are used in the reciprocity theorems. The tree indicates the presence of the free surface.
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medium is the same as the true medium below ∂D i and reflection free above. Equation 13 states that G − is represented by the convolution of G þ with R 0 and integration along all source positions x 0 of R 0 . We solve for R 0 by MDD (Van der Neut et al., 2011) because the time integral is a convolution. The subsurface image is subsequently obtained by taking the zero lag of R 0 , i.e., taking t ¼ 0 at each depth level in the model and at zero offset, x i ¼ x 0 i (for each ∂D i ); this is called the zero-offset imaging condition. Alternatively, once we obtain R 0 at an arbitrary ∂D i , we can also apply a standard imaging procedure, for instance, downward continuation, to image below ∂D i . This is because R 0 is the reflection response of the truncated medium below ∂D i for sources and receivers at ∂D i .
NUMERICAL EXAMPLES
We use three numerical examples that show the retrieval of the Green's functions and imaging using the associated Green's functions.
We first consider a 1D model that has a high impedance layer generic to salt models as shown in Figure 4 . A receiver at the surface records the reflected waves. To retrieve the Green's function in 1D, one needs the traveltime of the first arriving wave from the virtual source to the surface. The traveltime of the first arriving wave is used to temporally separate the Green's function from the focusing solution f 2 in the time-domain representation of equation 6. To obtain the focusing function f 2 , we evaluate expression 6 for a time earlier than the first arriving wave and setting the left side of equation 6 to zero. The remaining expression is an equation for f 2 , which is solved iteratively (details are given in Appendix A, equations A-6-A-10).
Once the focusing solution has been found (see Figure 5) , it is substituted in equation 6 to retrieve the Green's function (for this example, the Green's function is the response to the virtual source at a depth of 2.75 km, [dot in Figure 4 ], recorded at the surface; Figure 6 ). This Green's function G, arbitrarily scaled to its maximum amplitude (see Figure 6 ), is the response at the surface ∂D 0 to the virtual source.
We also model the Green's function using finite differences to verify that the Green's function retrieved from our algorithm is accurate, and we superimposed this result on Figure 6 . The vertical scale of Figure 6 is enlarged to better illustrate the model and retrieved Green's function. For this reason, the first arrival at time 1.0 s is clipped. The difference between the modeled and the retrieved Green's function is negligible relative to the average amplitude of the Green's function, as seen in Figure 6 . The arrivals caused by the free surface are shown in Figure 7 compared with the arrivals in the absence of a free surface.
The corresponding image of the model in Figure 4 shown in Figure 8 illustrates the correct location of the reflectors, as well as the correct scaled reflection coefficient. In 1D, the image we obtain is the deconvolution of the up-and downgoing Green's function for t ¼ 0 at each image point (Claerbout, 1985) . There are some anomalous amplitudes in the Marchenko image (especially at approximately 200 m), but they are small compared with the actual reflectors' amplitude and are attributed to the deconvolution imaging condition.
The model for the next example is taken from Weglein and Dragoset (2007) , where the second primary event cancels with The modeled Green's function is displayed (in black) in the background. The Green's functions are associated to the model in Figure 4 . the free-surface multiple from the first reflector. We demonstrate with this numerical example the retrieval of the Green's function (as well as its associated up-and downgoing Green's function) at depth 1000 m for the model shown in Figure 9 . Figure 10 illustrates some of the reflected events corresponding to this model. The associated reflected waves at the acquisition level, shown in Figure 11 , are recorded 5 m below the free surface. As is shown in Figures 11 and 10 , the second primary event P 2 is canceled by the free-surface multiple F 1 at 1.0 s, and the other events (internal multiples and free surface multiples) interfere destructively with each other at later times.
The Green's function for a source at depth 1000 m is shown in Figure 12 . The corresponding up-and downgoing Green's function 
Time (s)
Normalized amplitude Figure 7 . Impact of the free surface. The black line shows the Green's function in a medium without a free surface G 0 , and the white line is the difference between G and G 0 ; therefore, the white line shows events that are caused by the presence of the free surface. at depth 1000 m is illustrated in Figures 13 and 14 , respectively. The computed traveltimes for this simple model of the up-and downgoing Green's function in Figure 15 correspond to the traveltimes of the events in the retrieved up-and downgoing Green's functions, hence confirming our decomposition of the Green's function into its associated up-and downgoing wavefields. Figure 12 has an event at 0.6 s, which is the reflection of the virtual source field from the second layer recorded at the surface. Hence, the Green's function retrieval algorithm correctly detects the missing reflector in the recorded waves. In the 1D model considered here, equation 13, reduces to the deconvolution of the upgoing Green's function with the downgoing Green's function at every point in the velocity model yielding the correct positioning of the reflectors (see Figure 16) , as well as the correct scaled reflection coefficient. Furthermore, the image is free of artifacts originating from surface-related and internal multiples. Importantly, the difference between the analysis of Weglein and Dragoset (2007) and our work is that they remove the multiples at the surface, whereas we derive the Green's function for a virtual source in the subsurface and, subsequently, a multiple-free image.
DISCUSSION
The new feature of our Green's function retrieval scheme compared with the earlier presented schemes is that we include the freesurface multiples in our Green's function. Hence, we do not need to remove the free-surface multiples from our reflection response. For our 1D numerical examples, we can identify the events that are caused by the presence of the free surface (the black line in Figure 7 ) by computing the difference of G and G 0 .
The arrivals that are caused by the free surface (black line in Figure 7) have higher amplitude and greater waveform complexity Figure 14 . The Green's function for downgoing waves at the virtual source location (1000 m) and recording at the surface for the velocity in model in Figure 9 . Figure 15 . Sketch of some events that are present in the Green's function from the virtual source (gray dot) at 1000 m and recorded at the surface for the velocity in model in Figure 9 . compared with the events in the response without a free surface G 0 (white line in 7). This supports our conjecture that using the additional events and energy that free-surface reflections provide can benefit imaging of the subsurface, i.e., imaging using G rather than G 0 .
In our scheme to retrieve the Green's function, we require that the wavelet is removed from the reflection response (which can be done by deconvolution). In addition, we assume that the reflection response is due to a downgoing source. However, in the marine case, the source is generally placed a few meters below the surface; therefore, there is not only a downgoing component of the source, but also an upgoing component. In such situations, we consider the source wavelet to also include the upgoing component of the source. Consequently, the wavelet with which we deconvolve the reflection response at the surface is no longer that of a monopole source but of a dipole source.
Although we show 1D examples, all equations are multidimensional. In 2D or 3D media, a smooth version of the slowness (1/velocity) can be used to get an estimate of the direct arriving wave from the virtual source to the surface, but the small-scale details of the velocity and density need not be known. The direct arriving wave can be obtained using finite-difference modeling of the waveforms. In 1D, a velocity model is not necessary, unless we want a depth image as in the examples we show in this paper.
We have also briefly investigate Marchenko imaging when the reflection response is corrupted with noise. In such noisy cases, the noise level in the reflection response and the Marchenko image is similar although our Green's function retrieval algorithm is nonlinear. However, further investigation is needed to properly understand the accuracy of Marchenko imaging when the reflection response is corrupted with noise.
CONCLUSION
We have extended the retrieval of the Green's function to include the presence of a free surface. This function includes primaries, internal multiples, and now also free-surface multiples. Significantly, our proposed method does not require any surface-related multiple removal of the reflection response. The resulting images of the subsurface are free of any artifacts of the free surface multiples and internal multiples; this is because Marchenko imaging is a natural way to use primaries and multiples in imaging.
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APPENDIX A GREEN'S FUNCTION RETRIEVAL IN THE PRESENCE OF THE FREE SURFACE
We discuss our adaptation of the method of Wapenaar et al. (2013b) to account for the free-surface reflections. The focusing functions are the wavefields that focus, in time and space, at a point in the medium or at the surface (Figure 2a and 2b) . These focusing functions exist in the reference medium, which is homogeneous above the depth level ∂D 0 and reflection free below ∂D i .
The reciprocity theorems for one-way (up-and downgoing) wavefields are derived by Wapenaar and Grimbergen (1996) (see equations A-3 and A-4). We use the convolution-type and correlation-type reciprocity theorems to find relationships between our upand downgoing wavefields. As discussed by Wapenaar et al. (2014) , we obtain a relationship between the focusing functions f 1 and f 2 by using their respective up-and downgoing waves at each depth level ∂D 0 and ∂D i with the convolution reciprocity theorem Our actual inhomogeneous model with a free surface above ∂D 0 is shown in Figure 3 . As opposed to the model in Wapenaar et al. (2013a) , which does not have a free surface, we consider the reflections from the free surface for a downgoing source similar to the work of Wapenaar et al. (2004) . In Figure 3 , we describe the wavefield in its up-and downgoing components. The downward-propagating component of the wavefield (Green's function) at ∂D 0 is G þ ðx 0 ; x 0 0 0 ; ωÞ ¼ δðx H − x 0 0 H Þ þ rRðx 0 ; x 0 0 0 ; ωÞ, which includes (in the right side) the downward-going impulsive source and the reflection from the free surface. The downgoing source δðx H − x 0 0 H Þ is a 2D Dirac delta, where x 0 0 H is the lateral position of the focal point of f 2 .
Note G þ is the component of the Green's function that is propagating downward at x 0 for a downward radiating source at x 0 0 0 . In the case without the free surface, there are no reflections from the free surface; hence, G Figure ) . We use the convolution and correlation reciprocity theorems to find relationships for the one-way wavefields of f 1 as shown in Figure 2a 0 ; tÞ inv , defined as the inverse of the direct arrival of the transmission response, is the first-arriving event of f 2 ðx i ; x 0 0 0 ; tÞ and Mðx i ; x 0 0 0 ; tÞ is the scattering coda of f 2 following the first arrival as shown by Wapenaar et al. (2013a) . The substitution of expression A-7 in equation A-6 yields
